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Abstract. In 2018, Smarandache introduced the concept of hypersoft set by replacing the approximate function of the 
Molodtsov’s soft sets with the multi-argument approximate function. Moreover, the fuzzy hybrid model of hypersoft set 
was developed and thus the theory of fuzzy hypersoft set was initiated. This chapter is devoted to introduce the concept 
of n-ary fuzzy hypersoft set extending the fuzzy hypersoft set with multiple set of universes (or n-dimension universal 
sets), the concept of fuzzy hypersoft expert set that presents the opinions of all experts in one fuzzy hypersoft set model 
without any operations, and the concept of n-ary fuzzy hypersoft expert set that exhibits the opinions of all experts in one 
n-ary fuzzy hypersoft set model without any operations. Apparently, the n-ary fuzzy hypersoft expert sets include both 
n-ary fuzzy hypersoft sets and fuzzy hypersoft expert set. Some basic operations of each of these extended fuzzy hypersoft 
sets are derived and their structural properties are investigated. Finally, an application of ternary fuzzy hypersoft expert 


set (ie., n=3) in real-life problem are given. 
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1. Introduction 


Many fields deal with uncertain data that cannot be successfully modeled by ordinary mathematics. 
Fuzzy sets [40], intuitionistic fuzzy sets [10] and neutrosophic sets [38] are well-known and often useful 
approaches for describing uncertainty. Many generalized types of these uncertain sets were proposed 
(see [2,5, 17-19, 33]), and are currently being studied on new extended types. In 1999, Molodtsov [28] 
developed soft sets as a new mathematical model for dealing with uncertainty-based parametric data. 
Moreover, many researchers studied basic operations of the soft sets [6,11,16,20,26]. In the last decade, 
it was discussed the extended types of soft sets such as fuzzy soft sets [12,25], intuitionistic fuzzy 
soft sets [13], neutrosophic soft sets [23,24] and N-soft sets [15]. In [14,21, 22, 29-32], the theoretical 
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aspects on these hybrid models of soft sets were studied. A soft set can be considered as is a subset 
of parameterized family of a universal set. Ackgéz and Tas [3] initiated the theory of binary soft set 
based on two universal sets and a parameter set and emphasized that it can be adapted for n-dimension 
universal sets. Alkhazaleh and Salleh [7] proposed the idea of soft expert set, an extension of soft set, 
containing more than one expert opinion. A few years later, they generalized the soft expert set to 
fuzzy soft expert set, and argued that these sets are more effective and useful than soft expert set [8]. 
The approximate function in the structure of a soft set is defined from a parameter set to the power 
set of a universal set. In 2018, Smarandache [37] proposed defining the approximate function of a soft 
set from the cartesian product of n different sets of parameters to the power set of a universal set. 
Thus, Smarandache [37] conceptualized hypersoft set as a generalization of soft set, and then presented 
fuzzy hypersoft set sets as a fuzzy hybrid model of hypersoft sets. Abbas et al. [1] presented some basic 
operations like complement, union, intersection, difference of (fuzzy) hypersoft sets. Saeed et al. [34] 
studied of the fundamentals of hypersoft set theory. UrRahman et al. [39] developed a conceptual 
framework of convexity and concavity on the hypersoft sets. In [27, 35,36], the authors proposed the 
extensions of hypersoft sets to make them more functional in various directions. In recent years, the 
research on the hypersoft sets and extensions have been progressing actively and rapidly. 

This chapter aims to propose new extensions of fuzzy hypersoft sets called n-ary fuzzy hypersoft set, 
fuzzy hypersoft expert set and n-ary fuzzy hypersoft expert set. Simply, n-ary fuzzy hypersoft set is a 
fuzzy hypersoft set over the multiple set of universes, fuzzy hypersoft expert set is a fuzzy hypersoft set 
containing the opinions of experts, and n-ary fuzzy hypersoft expert set is a fuzzy hypersoft set over 
the multiple set of universes and contains the opinions of experts. Moreover, it intends to present the 
operations of complement, intersection and union on the n-ary fuzzy hypersoft sets, fuzzy hypersoft 
expert sets and n-ary fuzzy hypersoft expert sets. Also, the solution of a problem under the ternary 
fuzzy hypersoft expert set environment from the real world scene is addressed. This chapter organized 
as follows: Section 2 presents some fundamental concepts of fuzzy sets, soft sets, hypersoft sets, and 
fuzzy hypersoft sets. Sections 3, 4 and 5 are devoted to the theories of n-ary fuzzy hypersoft sets, fuzzy 
hypersoft expert sets and n-ary fuzzy hypersoft expert sets, respectively. Section 6 presents an real-life 


application of n-ary fuzzy hypersoft expert sets. The last section is the conclusions. 


2. Preliminaries 


In this section, some basic notions related to the fuzzy sets, soft sets, binary soft sets, soft expert sets, 


hypersoft sets, fuzzy hypersoft sets and fuzzy hypersoft set operations are recalled. 


2.1. Fuzzy Sets 
Definition 2.1. ( [40]) Let A be a nonempty finite set. A fuzzy set F in A is defined as 


F={ /FMa:ae€ A} (1) 
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where yz : A — [0,1] is called a membership function for F and pz(a) represents the membership 
degree of a in F. The set of all fuzzy sets in A is dented by §(A). 


Example 2.2. Let A = {a1, a2, a3, a@4,a5} be the set of houses. According to the membership ” cheap”, 


one can create the fuzzy set 
0.2, 06 0 1 0.3 
FS { a1, a2, 43, 1, ay}. 


Definition 2.3. ( [40]) Let F be a fuzzy set in A. 


(a): If ux(a) = 0 for all a € A then it is called null (empty) fuzzy set and denoted by 0. 
(b): If ux(a) = 1 for all a € A then it is called absolute (universal) fuzzy set and denoted by A. 


Definition 2.4. ( [40]) Let F and G be two fuzzy sets in A. Then, we have the following operational 
laws. 
(a): F is a fuzzy subset of G if wr(a) < pg(a) for all a € A, and denoted by F Cy G. 
(b): The fuzzy sets F and G are equal if wr(a) = g(a) for all a € A, and denoted by F = G. 
(c): The complement of F is denoted and defined by F”, where rr(a) = 1— x(a) for alla € A. 
(d): The intersection F and G is denoted and defined F My G, where pF 40) (a) 


min{ F(a), ug(a)} = HF (a) A g(a) for all a € A. 
(e): The union F and G is denoted and defined FUyG, where pu(zU,g)(@) = max{ur(a@), ug (a)} = 
puz(a) V g(a) for alla € A. 


2.2. Soft Sets 
Let A be a universal set, and the power set of A is denoted by P(A). 
Definition 2.5. ( [28]) Let X be a set of parameters and Y C X. A soft set (S,Y) over A is defined 
as 

(S,Y) = { (a, S(x)): 2 €Y and S(x) € P(A)} (2) 
where S: Y + P(A). 
Example 2.6. Let A = {a1, 2, a3,a4,a5} be the set of suite rooms. Also, X = {x; = cheap, x2 = 


modern, x3 = beautiful} is the set of parameters, which describe the attractiveness of the suite rooms, 


and Y = X. Then, one can create the soft set 
(S,Y) = {(@1, {@1, @4, a5}), (@2, (a4, a5}), (@3, (a1, 2, 43, a4 })}- 


Definition 2.7. ( [3]) Let A; and Ag be two universal sets such that Ay M Ag = 0, and P(A1) P(A2) 
are power sets of A, and Ag, respectively. Also, let X be a set of parameters and Y C X. A binary 
soft set (S2,Y) over 2% = {Aj1, Ag}, is defined as 


(So, Y) = { (a, So(x)): a € Y and So(x) € P(A1) x P(A2)} (3) 
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Example 2.8. Let Aj = {a}, a3,a4,a4,a¢} and Ag = {a}, a3,a3,a7} be the sets of suite rooms and 
king rooms. Also, X = {21 = cheap, x2 = modern, x3 = beautiful} is the set of parameters, which 


describe the attractiveness of the rooms, and Y = X. Then, one can create the binary soft set 
(S2,¥) = {(x1, ({{aj, a4, 5}, (a3, a7}})), (wa, (a4, a5}, (at, a3, a7})), (ws, (fay, a2, 03, a4}, (a4, a3}))}- 


Definition 2.9. ( [7]) Let X be a set of parameters, € be a set of experts and O be a set of opinion. 
Also, let P= X x Ex O and OCP. A soft expert set (S,Q) over A is defined as 


(S, Q) = { ((z,e, 0), S((z,e,0))) : (4,e,0) €E OC X x Ex O and S(z) € P(A)} (4) 


where S : Q > P(A). 


Example 2.10. Let A = {aj, a2, a3, a4,a5} be the set of suite rooms. Also, X = {x1 = cheap, x2 = 
modern, «3 = beautiful} is the set of parameters, which describe the attractiveness of the suite rooms, 
and € = {e1, 2} is the set of experts and O = {o; = agree(1) 02 = disagree(1)} is the set of opinions. 
For Q = {(21, €1, 1), (x1, €2, 1), (21, €2, 1), (v2, €1, 1), (#1, €1, 0), (x2, €2,0)} C X x E x O, one can create 


the soft expert set 


(x1, €1, is {a1, a2}), (x1, €2, 1), {a4, as}), 
(S, Q) = (Gea, e2, 1), 0), ((xe, el, L); {a1, a3, 44, as}), 
(x1, €1, 0); {as, aa, as}), ((x2, €2, 0); {ai}) 


2.3. Hypersoft Sets 


Throughout this chapter, X1, X2,..., Xm are the pairwise disjoint sets of parameters (i.e., X; Xj = 0 
for each i,i’ € I = {1,2,...,m} andi # 7’), and X = [[ Xi = X1 x Xo x ...,Xm. Generally, the 
parameters are attributes, characteristics, properties of she obihete: 

Definition 2.11. ( [87]) Let Y; be the nonempty subset of X; for each i € I = {1,2,...,m} and 
Y=[[Y% =Y¥1 x Yox...,¥m. Then, the pair (H,Y) is called a hypersoft set over A, where H is 
isp given by 


H:Y — P(A) (5) 


Also, x* is an element of Y; and (2")jce7 = (x!, x?,...,2™) is an element of Y = Y; x Yo x ..., Ym. 


Note 1. In this chapter, we use the notation x! = (a");er. 


Example 2.12. Assume that a person wants to buy a car and, for this purpose, visits to a car 
showroom where cars of the same segment are exhibited. Let A = {a1, a2,a3} be a universe containing 
cars in the same segment. The characteristics or attributes of these cars must be analyzed so that 
a decision can be made. The pairwise disjoint sets of attributes (parameters) are X1, X2 and X3 
and describe image-prestige, performance and economy, respectively. These sets are X; = {rt = 


safe, «4 = comfortable, xs = design — aesthetic! X2 = {x? = engine power, x3 = torque}, and 
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X3 = {x} = fuel consumption, x3 = tar, x3 = sale price}. He/she determines the attributes 
(parameters) to be used in evaluating the cars as Yj = Xj, Yo = X2 and Y3 = {x}, x3} C Xz (ie, 
Y = Y, x Y2 x Y3). As a result of the evaluation, it is created the following hypersoft set. 


(x1, x7, vf), {a1, a2}), 

((xj, 77, 3), {a3}), 

((x}, #5, 7), {a1, a3}), 

((xt, 23, #3), 0), 

((x3, 27, 7), {a2, as}), 

((x9, 27,73), {a1}), 
OY) 1 (coh, 28,29), aah), 

((}, #5, 3), {a3}), 

((x3,27, 24), 0), 

(a4; ae =); A), 

((x3, 25, xf), {az}), 

((x3, 25,73), {a1}) 


2.4. Fuzzy Hypersoft Sets 


Definition 2.13. ( [37]) Let Y; be the nonempty subset of X; for each i € I = {1,2,...,m} and 
Y= I] Y; = Y, x Yo x ..., Ym. Also, let §(A) be the set of all fuzzy sets in A. Then, the pair (H, Y) is 
on fuzzy hypersoft set over A, where H is mapping given by 

H:Y — $A) (5) 
Note 2. The collection of all fuzzy hypersoft set over the universal set A for X is denoted by €(A, X). 
Example 2.14. Consider the problem in Example 2.12. As a result of the evaluation under the fuzzy 


environment, it is created the following fuzzy hypersoft set. 


((2}, 27, 27), {OP az,0% 03,09 a5}), 
((xf, 27,03), {OP ap,0 a),09 a5}), 
(wp, 23,29), {0% af,09) a),0% a3}), 
(af, 23,23), {OVat,0% a}, a3}), 
((23, 27, 23), {aj a}, ag}), 
(Hy) = 4 (ath #3), {Mat a3, ag}), 
(2), 25, ej), {OP ap,0P a),0 a5}), 
(2), #5, 23), {C7 ap,0Y a),09 a5}), 
(03,27, 24), {OP af,09 a},0% a3}), 
(93, 07,03), {Oat 0% a),09 a3}), 
(23, 23, 27), {OC %aq,0% a}, a3}), 
(03,25, 23), {OP af, a}, a3}) 
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Definition 2.15. ( [1]) Let (H, Y) € €(A,X). 

(a): If H(x!) = @ for each x! € Y then it is said to be a relative null fuzzy hypersoft set (with 
respect to Y), denoted by Oy. If Y = X then it is called a null fuzzy hypersoft set and denoted 
by ae: 

(b): If H(x!) = A for each x! € Y then it is said to be a relative whole fuzzy hypersoft set (with 
respect to Y), denoted by Axes If Y = X then it is called an absolute fuzzy hypersoft set and 
denoted by Ax. 


Note 3: ¥-C Z (18, (V1 * Yo ¥ x22 Vn) G (At ® Zo n® Zip) WE YG CZ, tor all ¢.€ Tf, 


Definition 2.16. ( [1]) Let (H, Y), (K,Z) € €(A,X). 
(a): (H,Y) is called a fuzzy hypersoft subset of (K,Z), denoted by (H, Y) E (K,Z), if Y C Z 
and H(x!) Cy K(x!) for each x! € Y. 
(b): The fuzzy hypersoft sets (H, Y) and (K,Z) are called equal, denoted by (H, Y) = (K, Z), if 
(H, Y) E (K,Z) and (K,Z) € (H,Y). 


Definition 2.17. ( [1]) Let (H,Y) € €(A,X). Then, the relative complement of fuzzy hypersoft set 
(H, Y), denoted by (H, Y)’, is defined as 


(H,Y)" = (H",Y), (5) 
where H" (x!) is the fuzzy complement of H(x!) for each x! € Y. 
Note 4. It is clear that T = YNZ = (V1. x Y2x...X Ym)O(Z1 x Zax... X Zm) = (YNZ) x (YaN Ze) x... x 
(YallZm) and T= YUZ = (4 «Yox 2% YU (Zi aXe KZ) = (UZ) KU Zs) Ka K YU a): 


If ¥;N Z; = @ for some i € J then T = YNZ =Q. From now on, we assume that T= YNZ F 0. 
(Similarly, G = QNK # @ in Sections 4 and 5). 


Definition 2.18. ( [1]) Let (H, Y),(K,Z) € €(A,X). Then, the restricted intersection of fuzzy hy- 
persoft sets (H, Y) and (K,Z) is denoted and defined by (£,T) = (H, Y) @(K,Z) where T= YOZ 


and 
L(x!) = U(x") ny K(x!) (6) 
for each x! € T. 


Definition 2.19. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the extended intersection of fuzzy hy- 
persoft sets (H, Y) and (K,Z) is denoted and defined by (£,T) = (H, Y) 7 (K,Z) where T= YUZ 
and 
H(x!), if xl ey, 
L(x!) =¢ K(x), if xl eZ, (7) 
H(x!),K(x!), if x!e YNZ, 


for each x! € T. 
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Definition 2.20. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the restricted union of fuzzy hypersoft 
sets (H, Y) and (K,Z) is denoted and defined by (£,T) = (H, Y) U (K, Z) where T = YNZ and 
L(xt) = H (x!) Uy Kt) (8) 
for each x! € T. 


Definition 2.21. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the extended union of fuzzy hypersoft 
sets (H, Y) and (K,Z) is denoted and defined by (£,T) = (H, Y) U (K,Z) where T = XU Y and 


H(x!), if xl eY, 
L(x!) = K(x!), if xP eZ, (9) 
H(x!)U;K(x!), if xt YNZ, 


for each x! € T. 


3. n-ary Fuzzy Hypersoft Sets 


In this section, we introduce the notion of n-ary fuzzy hypersoft set and derive its fundamental opera- 


tions. 


Let {Aj : j € J = {1,2,...,n}} be a collection of universal sets such that A; Aj = @ for each 

jd € J = {1,2,...,n} and j A 7’. Also, let F(2) = [] F(A;) = F(A1) x F(Az) x ... x F(An), where 
jet 

3(A;) denotes the set of all fuzzy sets in A;. 


Definition 3.1. A pair (Hn, Y) is said to be an n-ary fuzzy hypersoft set over % = {Aj, Ag,..., An}, 


where Fi is mapping given by 
Hn: Y > §(2). (10) 
Simply, an n-ary fuzzy hypersoft set is described as the following: 


{(x!, Hn(x!)) : x! © Y and H,(x!) € 2} 
{Fin caty(@) gl :ai€ Aj}, 
{ MFn (at) 92 :a7 € Ao}, 


(Hn, Y) 


{OFin od gn -qre An} 


where Hr) (x!) = {HFin od) gi : a) € A;} for j = 1,2,...,n and it is termed to be an Aj-part of 
Hn(x!). 
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Especially, if n = 2,3,4 and 5 then it is called a binary fuzzy hypersoft set, ternary fuzzy hypersoft set, 


quaternary fuzzy hypersoft set, quinary fuzzy hypersoft set, respectively. 


Note 5. The set of all n-ary fuzzy hypersoft sets over 2 = {A}, Ag,..., 


Cy,, (A,X). 


A,} for X is denoted by 


Example 3.2. We consider the problem in Examples 2.12 and 2.14. However, he/she aims to deter- 


mine the optimal car in each segment by evaluating cars in different segments simultaneously. Assume 


that A = {a},a4,a3}, Ao = {a?,a3} and A3 = {a}, a3, a3} are sets of cars in the B-segment (Super- 


mini family), C-segment (Small family) and D-segment(Large family), respectively. Considering the 


parameter subsets Yj = X1, Yo = X» and Y3 = {x?,x3} C X3, he/she evaluates the cars in different 
1) %3 


segments, and thus constructs the following ternary fuzzy hypersoft set. 


((xq, 27, 2), ({O%a7,09 a},09 af}, {OP ai 
((xj, 27, 23), ({Oa7,09 43,09 ag}, {OM aj 
(xt, 23, 27), ({O%a7,09 a), ah}. {043 0 an an 03,08) a3})), 
((x , 22, #8), ({O Vat 04 an” as}, { ee (0.4) az}, ie 3 (0-4) 
((2}, 27, 23), ({az,© a3, a3}, {MaZ,© a3}, {07% a},0% a 
(Gis Y) 7 (2d, 27, #8), {Mat © as,) (1) ant, ((0.2)¢2 (0.7) a3}, ((0.5)¢3 3 OH, 

((x}, 23, 23), ({O a}, 43,04 a3}, {OVay 
((x}, 23,23), ({O7) 47,09 43,09 az}, {0% ay 
((23, 27, 23), {0% 47,09 43,0 a3}, to 09 a3}, {© 
(24, x, 23), (LOO) Coe 0.6 ad} {( (0.7) q (04) ) a3}, {( (0.4) 4 
(leh, oe) ({O- Vat 08) as, 1) ah}, se (02) a3}, fae S (. 2) 
(23,073, 23), {OP a7, 49,09) ag}, {OP ay 


Definition 3.3. Let (Hn, Y) € €n, (2, X). 
(a): If n(x!) = (0,0,..., 


relative null n-ary fuzzy hypersoft set (with respect to Y), denoted by gx, 


is called a null n-ary fuzzy hypersoft set and denoted by Onn, 


(0-7) ) a2}, OSs (0.5) qe a3})), 
(07 aa f0e)gs (0.4) 43,05) a3})), 


a3, a3})), 
i em 


a3})), 


(0-5) lag. ((0.2¢3, ea a8, (0-6) a3})), 
(06) ) a3}, tae (0.4) 43,04 a3})), 


°) a3})), 


5 (08) 23,03) a3})), 


3,04 a3})), 


(0-8) ) a3}, £(08)¢3 nee 03,05) a3})) 


0) (Le., Hy3) (x2) = VjeE J) for each x! € Y then it is said to be a 
If Y = X then it 


(b): If Hn(x!) = (Aj, Ag,..., An) (ie., Hj (x!) = A; Vj € J) for each x! € Y then it is called a 
relative whole n-ary fuzzy hypersoft set (with respect to Y), denoted by gn, If Y = X then 


it is said to be an absolute n-ary fuzzy hypersoft set and denoted by Dea 


Definition 3.4. Let (Hn, Y), (Kn, Z) € €n, (A,X). 


(a): (Hn, Y) is termed a fuzzy hypersoft subset of (K,,Z), denoted by (Hn, Y) € 


Y CZ and 
Hyj) (x!) Cf Hr (x!) VWiET 


for each x! € Y. 


(11) 
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(b): The n-ary fuzzy hypersoft sets (Hn, Y) and (Kn, Z) are called equal, denoted by (Hn, Y) =n, 
(Kn, Z), if (Hn, Y) CN, (Ki Z) and cor Z) CN, (Hn, Y). 


Example 3.5. Consider the ternary fuzzy hypersoft set (Hs, Y) in Example 3.2. Also, we assume that 
the disjoint parameter subsets Z, = {x}, x4} C X1, Z2 = Xo, Z3 = {x}, 23} C X3 (ie, Z = 21x ZQx Zs) 


and 
(xl, 2?, 23), ({ Cay 0.1) g i (0-4 ad}, {( (0.1) q ace) aa, (05) g8 3 (0-3) @ ) a})), 
1 22) 43 0.2) q1 (0) g 1 (04) 1, (0.1) 22,04) Peace (aap 2 (04) g ay 3 
(isis) 1 ay, a ay { >}, {‘ a3, ) a3})), 
(21, 23, x3), ({ ae 03), y Ae aa. {( (0.8) 2(080) a3}, (028 : (0: 2) 7 (0.1) a3})), 
” 1.0 23 0.1)q1 (0.3) g 1 (0) 1%. FOL), 2 08) a2. [0-2)¢ 2 (04) g 3 (0.1) 23 
(K Z) —_ ((x7, ©, 73), ({ ay, a ahs { ah {' a9; a3})), 
et) (xh, 22, 29), {Oa} 0% a}, (04 a3}, { (03143 93) aS}, {Maz a3, a3})), 
(ch, a2, 28), ({ pak 0.1) g u Aue aa}{ (0:3) q2, (0.4) ast, £03) G9 3 (0.2) ag AM) a3})), 
((23, 23, 22), ({O9a},0%) a}. 0 al}, {OD a? 00 a3}, {OF Lona °-D) a3})), 
((wh, 08, 23), ({ a}, ©) af, 2) ad}, (005.2, 0-8) ad}, {Mai,™ a§,©) a3})) 


Then, we have Z C Y (by considering Note 3) but (K3,Z Z) is not a ternary fuzzy hypersoft subset (Hs, Y) 
since Ka(3y((#3, 23 v9; v3) ) LF Hyg (3) ((@3, op #3)). If we take Kaa) (24, x5, #3) Cf {' C2)q ae 9a 3 sO) a3} 


then we can say that (K3,Z) is an n-ary fuzzy hypersoft subset (H3, Y) (i.e., (H3,Y) Ens (K3,Z)). 


Definition 3.6. Let (Hn, Y) € Cy, (A,X). Then, the relative complement of n-ary fuzzy hypersoft 
set (Hn, Y), denoted by (Hn, Y)"™, is defined as 


(Hn, Y)'Xr = (Hi, x); (12) 
where HEE) is the fuzzy complement of Hr; (x!) (Vj € J) for each xt € Y. 


Example 3.7. The complement of the ternary fuzzy hypersoft set (Hs, Y) in Example 3.2 is 


((2f, 29, 29), ({% af 07 ah,04 a3}, {03,09 a3}, {© af 09) af,(09 a§})), 
a}, x2, 3), 0.5) qi (0. A) ab, (0-4) al}, (0.3) q2 (0.3) az}, (0.7) q3 (0.6 a3,(0.5) a3})), 
lols %3 1 2 3 1 2 1 2 3 

(x4, 02, 2), ({O%al 09 aS) ahh fOe ae (0.3) ast { (0.4) q BO, ane) a3})), 
(oh 2h 29), (OPAL 09 ab, a8), (00809 of) (09a, (00g <8), 
((xd, 29, 29), (ah, af, a}, (af, a}, {aH 0 af, (0) a})), 

sis yen = (heB 28) Ua, al, al, {0% al, {51a (05) a (07 08), 

HK =F Cah a8, 28), {Dah 02 af 09 ah}, {008,05 al, {OM a8,9 af, 8g), 
(ad, 22, 03), ({ 0.8 aa? a (0.4) ah}, {0G (0.4) a3}, {0.2)q 2 (06 23, (09) 23})), 
((x3, x7, 29), ({ ee ay; a ay, (0-8) a3}, ee ite ahs (a (0.8) g a) a3})), 
((e§, 23, 28), ({0 9a}, 09) ah, 049 ah} {0 a9, 09) aB}, {049,04 a3, a3})), 
(03,25, 74), oe ay, na ip a3 cee a2}, (898,08 aa?) a3})), 
poe re 0.6) q1 (0.3) ql (0.5) gli. £(0.4) q2 (0.2) 21. £(0.2) q3 (0.2) ¢3 (0-5) 3 
((x3, 9,23), {Wag 0) ag,0") af, {8 ag) ag}, {Way 0"? a3, a3})) 


Proposition 3.8. Let (Hn, Y) € €y, (A,X). Then, we have the following. 
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(i): ((Hns ¥)"¥»)" =n, (Has ¥). 
(ii): (AY")y» =n, OY. 
(iii): (O8")rxn =p, AN”. 


Proof. The proofs are straightforward. 


Definition 3.9. Let (Hn, Y),(Kn,Z) € €n, (A,X). Then, the restricted intersection of n-ary fuzzy 
hypersoft sets (Hn, ¥) and (Kp, Z) is denoted and defined by (Ln, T) = (Hn, Y) Mn, (Kn, Z) where 
T=YNZ and 


Kncj)(x") = Hrn(j)(x") Vf Kniyy (x) Wed (13) 
for each x! € T. 


Definition 3.10. Let (Hn, Y), (Kn, Z) € €w, (,X). Then, the extended intersection of n-ary fuzzy 
hypersoft sets (Hn, ¥) and (Kp, Z) is denoted and defined by (Ly, T) = (Hn, Y) Mn, (Kn, Z) where 
T=YUZ and 


La{x') = n(x!), if x! eZ, (14) 


for each x! € T, where Eq. (13) is applied to obtain H,,(x!) Ne Kn(x!). 


Example 3.11. Consider the ternary fuzzy hypersoft set (Hs, Y) in Example 3.2. Also, we suppose that 
the disjoint parameter subsets Z; = {x4} C X1, Zo = Xo, Z3 = {x3, x3} C X3 (ie, Z= Z1 x Zo x Zs) 
and 


((v}, 29, 28), {Pa} 0%) ah,(0) a}, {Pa 0%) aB}, {0-9 09,05) af a8})), 
Ka,2) = | (HbA aD (OM ALO 44,09 08}, (0%G3,09 a}, {0a}, 0% of, a3})), 
((v}, 03, 28), {Pa} 0-4 ah,02) af}, {0a 0) aB}, {0% 49,04 af, a8})), 
(829) ({OD a} 09 a0) ab, (0 3,07 a} (Oa, af, a) 


Then, the restricted intersection and extended intersection of the ternary fuzzy hypersoft sets (Hs, Y) 


and (K3, Z) are respectively 


(Hs Y) An (K3 Z) _ (5, ites v3), eat 4 an 0) as}, {Oa os) a3}, {Clad 0) ane) a3 ys 
7 3 , (( Li 4.2 2); ({2yat (04) 5,8?) as}, J AOA) G2 (08) a3}, { (0.2) 3 (0.2) a3,(0-1) a3})) , 


U9,%9,%3 
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and 


(Hs, 


Y) Ming (K3,Z) = 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 
WR WR WE WR NF NF NE NE NE NR BRE NR NR BR 


ee pt Be es Bee Ge ee beet ee, ee ee fen ee 
LOS LES LSE LE LN TER EES SEL EN ALORA PES ff 


8 


{iO a1,08 ay 08 ahh OS ae. 0.7) a3}, £00: 5) a3, (0.5 ano a3})), 
{(0-4 at, 0-6 ah, 0-5 ab}, { 0.2) 2. 0.6) az}, {0 4) q3 (0.5 a3,0-4 a3})), 
{(08 at, (0-4 ah, (0-6 al}, { 0-3) 2, 0.3) az}, {(0. 5) q3 (0.3 a8,03 ad )), 
{(03 at, (03 ah, (02 al}, { 0:8) 2, 0.7) ad}, {(0: 6) g3 (0.3 a8, (0-4 ad )), 
{(0-4) qi (0.4) gi (0.2 ab}, { 0.5) 2. 0.5) az}, (0-2) a3,(0-4) g3 (0-7 a3})), 
{0.2 at, 1 ah, (0-2 ad}, { 0.4) 42 0.6) az}, { (0-2) g3 (0.2 a3, (0-1 a3})), 
{Oqt © ad 1 0) ah}, {@) az, (0) q ae 02) at, (0.6) a3 , (0-8) ee), 

(gt Cg 1 (0.3) 2, (0.7) g2 (0.5) g3 (0.4) g (0.3 

a (07 a ae 0. Age (0. a es 2) 43, ha a S00) oe eaane 
{02 ai an oe ast, { (0.4) gq? (0.6) a3}, {O8)q 3 (0-4) as 0: 1) ) a3})), 
fe 1,008 Gn GEE AOR)? (0:9) as ba ae, a 8,0 a3})), 
{i2r8 as Gane ya VOD ge MO) az}, 4:4) G3 (0-0) As 0) a3})), 
{O28 oe aa) ant, {O20 ge 0:2) aft, (O93. 0.2) q 8 MOY gy : Ny, 
{(0-4 at (0-7 ah, 0-5 ab}, { 0-6) q2 (0.8) ad}, {-8)3,08) q 3 (0.5) @ 3})) 


Definition 3.12. Let (Hn, Y), (Kn, Z) € Ew, (2, X). Then, the restricted union of n-ary fuzzy hyper- 
soft sets (Hn, Y) and (Ky, Z) is denoted and defined by (Ln, T) = 


and 


for each x! € T. 


Definition 3.13. Let (Hn, 
sets (Hn, Y) and (Ky, Z) is denoted and defined by (Ln, T) = 


and 


for each x! € T, where where Eq. (15) is applied to obtain H,,(x 


Ln (x!) 


Hn(x!), if xleY, 
Kn(x!), if x! eZ, 
Hn(x!) Us Kn(x!), if xb YNZ, 


Example 3.14. Consider the ternary fuzzy hypersoft sets (Ha, 


(K3,Z) are respectively 


(H3, Y) UN (K3, Z) = 


((3, 27,23), ({aq,™ ag 


((2},23,23), (aH, 04 ah 09 aby, {0 a7) a3}, {0 9a3,0-% a8, a3})) 


(Hn, Y)Uy, (Kn, Z) where T = YNZ 


1) Up Kn(x!). 


Y) and (K3,Z 
3.11. Then, the restricted union and extended union of the ternary fuzzy hypersoft sets (Hs, 


1) as}, {( (0.7) a2, (0.7) baa au Oat. (0.4) an) a3})), 


(15) 


Y); (Kn, Z) € €n,, (2, X). Then, the extended union of n-ary fuzzy hypersoft 
(Hn, Y) Un, (Kn, Z) where T=XUY 


(16) 


) in Examples 3.2 and 


Y) and 


} 
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and 
((erh, 22, 29), {0% at, ab, 0 ah}, {003,09 03}, {Oa$,0) af, a8})), 
((x}, x?, 73), (ee ae a, 0° ah}, { OP) ae. 0.6) ae (eee? Os as," a3})), 
(oh, 2, 28), {Ma}, ah, af}, {0% aH, af}, {009,04 af (09) 08}), 
((x!, 22, 3), ({(03 at,(03 ah, (02 al}, { 0:8) 2, 0.7) ad}, {O-)q3 (0.3 a8, (0-4 a3})), 
(lah 2,08), (fo a,0e an,0-4 ag st OD) ee. 0.5) da} {0793 08 ae woe az)), 
((x4, 22, 23), ({05 at 04 Gee ah}, FO Dg? 0.7) a3}, FA0-8) G3 (0.4 as (0-1 a3})), 

(iis, Y) sig (,2) = ((x3, 22,23), ({Ma}, (0) q : 0) as}, {Da? 2 ,) ae, HO) ae 3 , (0-6) a3 , (0-8) o)). 
(hh 8), ({a ah 2 ah} (008. eB, (044,04 a9 a8), 
(apm. 73), Ae a Gat aah; (OG? (0.5) aah {O2)q5 18 4) @3 p06) ast), 
((v}, 23, 28), ({©Pa} OD 09,09) af}, (0% a8 0 af}, {909,04 af, a3})), 
((r},28, 23), {0% a}, 1,09 a3}, {a0 a3}, {a}, 0 af, a3})), 
((arh, 22, 08), {044,09 a, 09) ab} {00,0 a2}, {0% a9, af, a8})), 
(Gives act), ney, a, Oe as, aa}, {O-2)a2 (0-2) as}, 40 Mak, 0.2) @ : OA) Gy : )), 
((@3,05, 03), ( 


{00-4) gh 0.7) ql (05 ab}, { 0-9) g2,(0-8) ad}, {-8)3,08) q 3 (0-5) q 3})) 


Proposition 3.15. Let (Hn, Y), (Kn, Z), (Lin T) € En, (A,X). Then, we have the following equalities. 
(i): (Hn, Y) ° (Kn,Z) =n, (Kn, Z) o(H,Y) for each o € {Mn,,, UN, }. 
(ii): (Hn, Y) © ((Kn,Z) > (Ln,T)) =n, ((Hns ¥)° (Kn, Z)) o (Ln, T) for each o € {in,,, Un, }. 
(iii): (Hn, Y) © ((Kn,Z) 0 (Ln, T)) =n, (Hn, ¥) © (Kn, Z)) 0 ((Hn, Y) © (Ln, T)) for each o,0 € 
{Mn,,,Un,, }- 
(iv): ((Hn, Y) ° (Kn, Z))" =n, (Hn, Y)'™ 0 (Kn, Z)"%» for each o,0 € {n,,Wy,} ando#o. 


Proof. The proofs are straightforward. 


Proposition 3.16. Let (Hn, Y), (Kn, Z), (Ln, T) € €n, (4, X). Then, we have the following equalities. 
(i): (Hn, Y) © (Kn, Z) =n, (Kn, Z) 0 (H,Y) for each o € {Fn, Un, }. 
(ii): (Hn, Y) © ((Kn,Z) © (Ln, T)) =n, (Hn, ¥) ° (Kn, Z)) (Ln, T) for each o € {Mw,,,UN, }- 
(iii): (Hn, Y) © ((Kn,Z) 0 (Ln, T)) =n, ((Hns ¥) © (Kn, Z)) 0 ((Hn, ¥) © (Ln, T)) for each 0,0 € 
{Fin,,, Un,, }- 
(iv): ((Hn, Y) o (Kn, Z))"™» =n, (Hn, Y)"%” 0 (Kn, Z)"» for each o,0 € {Tn,,Lin, } and o #0. 


Proof. The proofs are straightforward. 


4. Fuzzy Hypersoft Expert Sets 


In this section, we define the concept of fuzzy hypersoft expert set and give its basic operations with 
the properties. 


Throughout this section, A is a universal set, X,, X2,...,Xm are the pairwise disjoint sets of parameters 
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(i.e., X; Xy =O for each i,7’ € I = {1,2,...,m} andi #7’), and X = [[ X; = X1 x Xo x... xX Xm. 
ier 
Also, € is a set of experts, O is a set of opinions, B=KxEx OandQCMP. 


Definition 4.1. A pair (H, 2) is said to be a fuzzy hypersoft expert set over A, where H is mapping 
given by 


H :Q > 3(A). (17) 
Note 6. In this chapter, we suppose two-valued opinions only in the set O, i.e., O = {0, = agree(1), 02 = 
disagree(0)}. However, the multi-valued opinions may be supposed as well. 
Note 7. The set of all fuzzy hypersoft expert set over the universal set A for $8 is denoted by €g(A, $B). 


Example 4.2. Consider the problem in Example 2.14. Assume that he/se seeks the opinions of 3 
experts with the intention of determining the optimal car(s) to buy. The set of experts is € = {e€1, €2, e3} 
and the set of opinions is O = {o0; = agree(1), 02 = disagree(0)}. For 


(wt, 27, 2f), €1, 1), (((xq, 2, 2}), €2, 1), (((e7, 2}, 27), es, 1), (((w1, 27, 23), €1, 1), 
Q= 4 (((xi, ct, 23), €2, 1), (xt, 27, 23), es, 1), (((xt, 27, ef), €1, 0), (((@1, 27,27), €2,0), p OX XEXO, 
(((w7, x7, 27), €3,0), (((xq, 2}, 23), €1, 0), (((v1, 27, #3), €2, 0), (((w1, 27, 73), es, 0) 
it is created the following fuzzy hypersoft expert set. 
(wt, 27, v3), e1, 1), { © a1,©% az, ag}), 
(((wt, ef, wf), €2, 1), { O%)ay,04 ay, ag}), 
(((wt, 27, v2), e3, 1), { O%a1,09) az, ag}), 
(((xt, 22, 28), e1,1),{ %a1,0 a2,04) as}), 
(((wt, ef, ©3), €2,1),{ Mar, a2, az}), 
(1,9) = (((aq, #7, 23), 3,1), { Oa), ap, a3}), 
(((w}, 27, 23), e1,0),{ a1, ap,©*) as}), 
(((w}, 27, w2), e2,0),{ O%)ay,©% az, ag}), 
(((wt, #7, 72), e8,0),{ O%a1,© az, ag}), 
(((w}, #7, ©8),e1,0),{ Vay ,©% az, ag}), 
(((at, #7, 23), e2,0), { Oa; ay, as}), 
(((x}, 27, £3), 3,0), { © %a;,0% az, a3}) 


Definition 4.3. Let (H,Q) € €5(A,P). Then, 
(a): (H,Q)! = {(q,H(q)) : q € X x E x {1} C Q} is termed to be an agree-hypersoft expert set 


over A. 
(b): (H,Q)° = {(q,H(q)) :q € X x E x {0} CQ} is termed to be a disagree-hypersoft expert set 


over A. 


From the definition, it is obvious that (H, 9)! U (H,Q)° = (H,Q). 
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Example 4.4. We consider the fuzzy hypersoft expert set (H,Q) given in Example 4.2. Then, the 
agree-fuzzy hypersoft expert set (H,Q)! and the disagree-fuzzy hypersoft expert set (H, Q)° are re- 


spectively 
(((et,27, 29), e1, ),{ © Pai, a2,©*) a3}), 
(((t, #7, 3), €2, 1), { Oa, ,0 aa,” as}), 
(H,9)! = (apnea) oa 08) aa" a3}), 
(((t, #7, 3), 1,1), { Oa, ,O) aa, as}), 
(((wt, 27, 23), e2, 1), { Mar, a2, az}), 
(((et,27, #3), €3;1),{ © a1, a2,©% ag}) 
and 
(((aq, #7, 23), €1,0), { Oa, aa, as}), 
(((et, 27, 29), €2;0),{ © a1,09 a2,©%) as}), 
(H,2)° = (((xt, x7, x3), e3, 0), { Dar, nt) aot az}), 
(((xt, x7, 73), e1, 0), { Dar, oe) gd az}), 
(((at, #7, 3), e2,0), { Oa, aa, as}), 
(((aq, #7, 23), e3,0), { © %ay,09) ap, as}) 


Definition 4.5. Let (H,Q) € €2(A,). 


(a): If H((x!,e,0)) = @ for each (x! e,0) € Q then it is called a relative null fuzzy hypersoft 
expert set (with respect to Q), denoted by 08. If Q = $ then it is said to be a null fuzzy 
hypersoft expert set and denoted by 0g. 

(b): If H!((x!,e,1)) = @ for each (x! e,1) € Q then it is termed to be a relative null agree-fuzzy 
hypersoft expert set (with respect to Q), denoted by Oe. If Q = $Y then it is named a null 
agree-fuzzy hypersoft expert set and denoted by Og. 

(c): If H°((x!,e,0)) = @ for each (x! e,0) € Q then it is termed to be a relative null disagree-fuzzy 
hypersoft expert set (with respect to Q), denoted by O°. If Q = Y then it is called a null 

ag’ 

(d): If H((x!, e,0)) = A for each (x!,e,0) € Q then it is said to be a relative whole fuzzy hypersoft 


disagree-fuzzy hypersoft expert set and denoted by 


expert set (with respect to Q), denoted by AE . If Q = $ then it is named an absolute fuzzy 
hypersoft expert set and denoted by Ag. 

(e): If H1((x!,e,1)) = A for each (x!,e,1) € Q then it is said to be a relative whole agree-fuzzy 
hypersoft expert set (with respect to Q), denoted by Ag. If Q = ¥ then it is named an 
absolute agree-fuzzy hypersoft expert set and denoted by Ag: 

(f): If H°((x!,e,0)) = A for each (x!,e,0) € Q then it is called a relative whole disagree-fuzzy 
hypersoft expert set (with respect to Q), denoted by AR’ If Q = ¥ then it is called an absolute 
disagree-fuzzy hypersoft expert set and denoted by Age 
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Example 4.6. The following hypersoft expert sets are given as examples of relative null agree-fuzzy 


hypersoft expert set (with respect to Q) and relative whole disagree-fuzzy hypersoft expert set (with 


respect to Q) over A. 


(((x}, 22, 3), e1,1),{ a1, a2, ag}), 
(((x}, 22, x2), €2,1),{ a1, a2, ag}), 
ge —) (Ghat ad.es,I,{ Oar, a, a3}), | 
(a, 27,73), €1, 14 aq , %) ay, a3}), 
(a1, 27, £3), €2, 15% Ore , %) az, a3}), 
(((2}, xf, 73), 3,1), { ar, a2, az}) 
and 
(((at, 7}, 79), €1,0),{ Yar, a2, as}), 
(((at, xf, v9), €2,0),{ Mar, a2, ag}), 
Ae _ (((xt, 27, x4), €3, 0), { Z a) a2,{1) a3}), 
(((x}, 27, £3), €1,0),{ May, a2, ash), 
(((w}, xf, 73), €2,0), { Mar, a2, a3}), 
(((w}, xf, 73), 3,0), { Mar, a2, ag}) 


Definition 4.7. Let (H, 9), (K,9) € €g(A,P). 


(a): (H,Q) is termed to be a fuzzy hypersoft expert subset of (K, 9), denoted by (H,Q) Cr 
(K, WR), if Q CR and H((x!, e,0)) Cr K((x!,e,0)) for each (x!,e,0) € Q. 
(b): The fuzzy hypersoft expert sets (H,Q) and (K,9%) are named equal, denoted by (H,Q) =z 


(K,%), if (H,Q) 


Cr (K,%) and (K,R) Ee (H,Q). 


Example 4.8. Consider (H, Q) in Example 4.2 and the (H, Q)! and (H, Q)° Example 4.4. It is obvious 


that (H, 9)! and (H, Q)° 


expert subset of (H,Q). 


are fuzzy hypersoft expert subsets of (H, 2). Moreover, oe is fuzzy hypersoft 


Definition 4.9. Let (H, 2) € €p(A, 8). Then, the relative complement of fuzzy hypersoft expert set 
(H, 2), denoted by (H, 9)", is defined as 


(H,Q)"" =(H",Q), (18) 


where H"((x!,e,0)) is the fuzzy complement of H((x!,e,0)) for each (x!,e,0) € Q. 
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Example 4.10. We consider the fuzzy hypersoft expert set (H,Q) in Example 4.2. Then, the relative 
complement of fuzzy hypersoft expert set (H, Q) is 


(((wt, 22, 29), 1,1), { © 01,04 a2,” as}), 
(((wt, 22, 23), €2, 1), { © 901,09 a2, as}), 
(((wt, 27, 3), e3, 1), { © 01,07) a2,” as}), 
(((xt, 22, 3), e1,1), { ©7a1,0) a2,0-) as}), 
(((xt, 22, 8), €2,1),{ a1,©% a2,0- as}), 
(41,9) = (((t, x2, 3),e3,1),{ O%a1,07 ar, as}), 
(((w}, 27, 22), €1,0),{ © %a1,0% az, ag}), 
(((w}, xf, 22), €2,0),{ )a1,04 a2, as}), 
(((x}, af, 23), 3,0), { ©9a1,0%) ap, as}), 
(((wt, 27, 73), 1,0), { ©%a1,0-4 ap, ag}), 
(((xt, 22, 23), €2,0),{ %a;,5) a2,7 as}), 
(((xt, 22, 23), €3,0), { ©3)a1,04 az, a3}) 


Proposition 4.11. Let (H, 9) € €p(A, PB). Then, we have the following. 
(i): (H,Q)"2)"® =p (H,Q). 
(i): (48)"* =n 8). 
(iii): (05)"" =n (AG). 


Proof. The proofs are straightforward. 


Definition 4.12. Let (H,Q),(K,9%) € €g(A,P). Then, the restricted intersection of fuzzy hypersoft 
expert sets (H,Q) and (K,%) is denoted and defined by (L,6) = (H,Q) Mg (K,R) where G6 =Q NR 


and 
L((x!,e,0)) = H((x!, e,0)) Np K((x!, e, 0)) (19) 
for each (x!,e,0) € G. 


Definition 4.13. Let (H,),(K,R) € €g(A,P). Then, the extended intersection of fuzzy hypersoft 
expert sets (H,Q) and (K,9%) is denoted and defined by (£,6) = (H,Q) Ng (K,R) where 6 =QUR 


and 


H 
L((x!,e,0)) = K((x!,e,0)), if (x!,e,0) ER, (20) 
H((x!,e,0)) Ny K((x¥,e,0)), if (x!,e,0) EQN, 


for each (x!,e,0) € 6. 
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Example 4.14. Consider the fuzzy hypersoft expert set (H,Q) in Example 4.2. Also, we assume that 


1 2 3 1 2 3 iL 2 3 1 2 3 
pi (2h 8, 29) e1,1) (C2 28,28) e551, (28, 28),¢15 1, (tab, 28), 2-9) Exe: 
(Capa: £3), €1,0), (((xz, £7, 23), €3, 0), (((@1, 27, £3), €1, 0), (ates) €2, 0) 
and 
(((xt, 22, 23), e1, 1), { O% a1, a2,© a3}) 
(((xq, vi, 3), €3, 1); { Ne a1, a2, pee) a3}), 
(et 23) se) 4 OF a,04 a2 ve a3}), 
K RK) = (((x4, v7, 23), e2, 1), { oe ay,01 a2 06) a3}), 
(K, 9) = 1,2 73 (0.5 (0.6 0.5) 
5 25) Ss OA ai, a2 az}), 
(((xz, o, a) €3, 0), { Od ay a2 ps) a3}), 
(((xz, zi, £3), el, 0), { A ay, a2, 4) a3}), 
(((x}, 27, 23), e2, 0), { 2 ay, 0-8 a2 0.5) az3}) 


Then, the restricted intersection and extended intersection of fuzzy hypersoft expert sets (H,Q) and 


(K, 9) are respectively 


(ei epes end yf (0.7) q, (0-2) ay, (9-4) a3}), 
(H Q) a (K FR) = (Clet ey es yeas) 4 OD, ,O1) ay, (9-5) a3}), 
a ee eae ae ee (0.1), (0) ,. (0.4) , 
(hn arse) e109 ai, a2, az}), 
(a a, op €2, 0), { (O21) aga) ag, (0-8) a3}) 


and 


me (0.5 ay, (0-6 a2, 0.3) a3}), 
Vind (0.2 a,,(o-4 a2, 0.7) a3}), 
),{ (0.4 ay,0°3 a2, 0.3) a3}), 
Ve (0.4 a1, A, 0-7) a3}), 

Nee (0.2 a,,(0-6 a2, 0.3) a3}), 
),{ (0.7 ay, a2, 0.4) a3}), 
) f (0.1 ay, 0-1 a2, 0.5) a3}), 
Vs (0.3 a,,03 ag, 0.6) a3}), 
),{ (0.4 ay, 0-2 a2, 0.5) a3}), 
La (0.5 ay,(0-6 a2, 0.3) a3}), 
),{ (0.7 a, 0-7 a2, 0.7) a3}), 
ve (0.5 a,,(0-6 a2, 0.5) a3}), 
Ved (0.7 a,,03 a2, 0.3) a3}), 
et (0.1 ay, ag, (0-4) a3}), 

Pa (0.1 a,,3 a2, 0.3) a3}), 
mi (0.7 ay,(0-6 a2, 0.5) a3}) 


(((a}, 23, 22) 
(((}, 23, 23) 
(((eh,22, 28) 
(((a}, 22, 23) 
(((e}, 23, 23) 
(Gehah al) 
(((a}, 23, 23) 
. . (((2}, 23,23), 
EOE Gah aaa) 
(((a}, 23, 23) 
(((e}, 23, 23) 
(((2}, 22, 23) 
(((}, 23, 23) 
(((a}, 23, 23) 
(((a}, 23, 23) 
(((e}, 22, 23) 
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Definition 4.15. Let (H,Q), (K,9) € €z(A,P). Then, the restricted union of fuzzy hypersoft expert 
sets (H,Q) and (K,9%) is denoted and defined by (£,6) = (H,Q) Wg (K,R) where 6 = QNK and 
£((xt,€, 0)) = H((x",¢, 0) Up K(x", €,0)) (21) 


for each (x!,e,0) € G. 


Definition 4.16. Let (H,Q),(K,®) € €z(A, $B). Then, the extended union of fuzzy hypersoft expert 
sets (H,Q) and (K, 9) is denoted and defined by (£,6) = (H,Q) Ug (K, 9%) where G = QU® and 
H((x!,e,0)), if (x!,e,0) €Q, 
L((x',e,0)) = K((x!,e,0)), if (xle,0) ER, (22) 
H((x1, €,0)) Up K((Qxt,€,0)), if (xt,e,0) EQN, 
for each (x!,e,0) € 6. 
Example 4.17. We consider the fuzzy hypersoft expert sets (H,Q) and (K,®) in Examples 4.2 and 


4.14, respectively. Then, the restricted union and extended union of fuzzy hypersoft expert sets (H, Q) 
and (K,®) are respectively 


(((w1, x7, 73), 1, 1), { oe) ai, (0:4) a2, (04) a3}), 
,.0) Un (Km =) (bth 2)en Df Mar, 09,09 a3), 
(ats) er0), { KOs) a1, 08) a2, OR) a3}), 
(((x (24; 23), €9,0), { (0) a1, op) aa, 09) a3}) 
and 
(aha a), €1, 1),{ ae a1,08 a2, Be) a3}), 
(((xq, 2 , £3), €2, Be ae a,0-4 a2, ma a3z}), 
(((x1, Et, £2), €3, 1), { Ce ay, 3 a2, a a3}), 
(Ghat ee)er da ee (9) a2, 2 az}), 
(((x}, x7, £3), e3, 1), { oe ne a2, ee) a3}) 
(Genesee ld 07) aq,0-4 ap;04) a3}) 
(((ay, az, £2): €2,; 1), { Yay (0:2) ay,( 2) az}), 
Y Q LI K R) = (Ue a7 os) ea, 14 AO ay, 003 a2, m0} a3}), 
(H, Q) Uz (K,®) = 1d? 28 (0.4),,. (0.2) ,. (0.5) 
(((x 5a is 1, Oer ay a2, a3}), 
(Crh 7a) eo, 0) 4 Oe a,,0% a2, 08) a3}), 
(((x , 2}, 7#), €3,0), { Oe ay Oe a2, ve az}), 
(((at, x}, 03), e1, 0), { ae aga a2, u0) a3}), 
(Cis veo), es, 04 On ay us a2, He) az}), 
(((xj, #7, #3), €1,0), { 0:9)a1,0) 09,0) a3}), 
(oh a7. 25),6070),4 2 ay (oe a2, oe) a3}), 
(((23, cae a3), €3, 0),{ ot a, a2, 08) a3}) 


Proposition 4.18. Let (H, Q), (K, R), (L, G) € €p(A,B). Then, the following properties are acquired. 
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(i): (H,Q) 0 (K,R) =p (K,R) 0 (H,Q) for each o € {Mp, Uz}. 

(ii): (H, 9) o ((K, 9) o (L,6)) =z ((H, Q) o (K,M)) 0 (L, GS) for each o € {Mp, Ug}. 

(ili): (H, Q) 0 ((K,%) 0 (L,6)) =p ((H,Q) 0 (K,R)) o ((H,Q)o (L,6)) for each 0,0 € {Mz,Uz}. 
(iv): ((H,Q) 0 (K,R))"= =p (H,Q)" 0 (K, MR)" for each 0,0 € {Mz,Ugz} ando Fo. 


Proof. The proofs are straightforward. 


Proposition 4.19. Let (H, Q), (K, i), (L, G) € €p(A, 8). Then, the following properties are acquired. 
(i): (H,Q) 0 (K,R) =p (K,R)o (H,Q) for each o € {Npg, Ug}. 
(ii): (H,Q) o ((K, 9) o (£,6)) =p ((H,Q) 0 (K,")) o (L,6) for each o € {Np, Up}. 
(iii): (H, 2) 0 ((K, 92) 0 (L,6)) =p ((H,Q) 0 (K, 99) 0 ((H, Q) o (L,6)) for each 0,0 € {Np, Up}: 
(iv): ((H,Q)(K,R))"= =p (H,Q)"= 0 (K,R)"= for each o,0 € {Mz,Up} ando Fo. 


Proof. The proofs are straightforward. 


5. n-ary Fuzzy Hypersoft Expert Sets 


In this section, we initiate the theory of n-ary fuzzy hypersoft expert sets including both n-ary fuzzy 


hypersoft sets and fuzzy hypersoft expert sets. 


Throughout this section, {A; : 7 € J = {1,2,...,n}} is a collection of universal sets such that AjN.A; = 0 

for each j,j’ € J = {1,2,...,n} and j 4 7’. F(A) = [] F(A;) = F(A1) x F(Ag) x... x F(An) where F(A;) 
jet 

denotes the set of all fuzzy sets in A;. Also, X1, X2,..., Xm are the pairwise disjoint sets of parameters 


Ge. Xe) AXGr = O for each 7, 7° F = 41, 2,...., mm} andi #7), X = [| Xe KK MK un K Xpiyy € 8 8 
ier 
set of experts, O is a set of opinions, B=XKxEx OandQCMP. 


Definition 5.1. A pair (Hy, Q) is called an n-ary fuzzy hypersoft expert set over % = {Aj, Ag,..., An}, 
where Hy is mapping given by 
Hn: Q > FQ). (23) 
Simply, an n-ary fuzzy hypersoft expert set can be given as 
(Hn,Q) = {((x!,e,0), Hn((x',e,0))) : (xt, e,0) € Q and Hp((x", e,0)) € A} 


_ 1 

{Fin Cal,¢,0)) Mea a! € Aj}, 
~ a2 

{Fin ,c,0))( Yq? :az€ Ad}, 


(x! e, 0), : (x! e, 0) € Q ? 


{Fin Gat,e,0)) (0) gm :a™ € An} 


Hiiseyin Kamaci and Muhammad Saqlain, n-ary Fuzzy Hypersoft Expert Sets 


Neutrosophic Sets and Systems, Vol. 43, 2021 199 


where Hy ;)((x4, €, 0)) = {HFin(od,e,0)) (©) gi : a) € A;} for j = 1,2,...,n and it is termed to be an 


Aj-part of Hn ((x!, €, 0)). 


Especially, if n = 2,3, 4 and 5 then it is called a binary fuzzy hypersoft expert set, ternary fuzzy hyper- 


soft expert set, quaternary fuzzy hypersoft expert set, quinary fuzzy hypersoft expert set, respectively. 


Note 8. The set of all n-ary fuzzy hypersoft expert sets over 20= {A}, Ao,..., An} for 8 is denoted by 
Con, (2, B). 


Example 5.2. Consider the problem in Examples 3.2 and 4.2. Assume that he/se seeks the opinions 
of 3 experts with the intention of determining the optimal car(s) for each segment (i.e., Ai, A2 and 
Ag), simultaneously. The set of experts is € = {e,e2,e3} and the set of opinions is O = {o0, = 
agree(1), 02 = disagree(0)}. For 


((Gi,24) ia) €1, 1), (((x4, reo €2, Ly (et, 2129); €3, 1), (((x}, 27, 23), €1, 1), 
Q= (((xi, 27, £3), e2, 1), (xt, a7, 23), e3, 1), (((z1, ef, 2), €1, 0), (xj, £7, 23), 2,0), CXxExO, 
(((xt, 27,27), €3,0), (((a7, x7, 23), €1,0), (wp, 27, £3), €2,0), (((wq, x7, @3), es, 0) 


(((x1, x2, v3), e1, 1), (005 at, (0-6 al, 0.3) al}, {(0.4 a2 (0-5 ad}, { 0-1), 0.6) a, 0.2) a3 )), 
(((wh, 23, 2B), €2, 1), {aH 09 a, ad}, (002,09) a3}, {OVa,0-4 af,0-0 a8})), 
(((2}, 23,29), €2, 1), {Mah 9 a},09) ah}, {Da}, a3}, {a9 af.) a8})), 
(((2}, 23,29), €1, 1), {Mah ©?) a},04 ab}, {5a}, a3}, {Da}, 0% af, a8})), 
(((wh, 23, 28), €2, 1), ({Dat,0) ah, 0 ab}, {002,04 ab}, {0508 07) a8) a8})), 
Ga, 2) = | (bth aB).e4, 1), (OMA, 09 ah, (08 af), (0a, (09) a8}, (af 02) a (09 a8})), 
(((eh, 2%, 29), €1,0), {09a}, 02) af,09 ab}, {ODa2, 02) a3}, {(OVaH, 0 af, a8})), 
(((x}, 23,29), €2,0), {Pa} 09 a}, 09) ah}, {(0%43, 0% ab}, {04490 af, 0 a8})), 
(((xt, x?, x3), e3,0), ({0-7 a coe 0.7) a aes ashe Das Os) io") a3})), 
(((2}, 23,29), €1,0), ({Pah 9 a},09) ah}, {Da}, a3}, {Pa}, 0°) af, a3})), 
(((wh, 23, 28), €2,0), {Mal 09) af,09) ad}, {0% a2, a8}, {Maf,05) af,09) a3})), 
(((ah, 2}, 28), €0,0), {0M af, 9) a0) ah}, {7 0,07 a8}, {07af, (0) a0 af})) 


Definition 5.3. Let (Hn, Q) € Cen, (A,B). Then, 
(a): (Hn, 2)! = {(q, Hn(q)) :¢ © X XE x {1} C Q} is named to be an agree n-ary fuzzy hypersoft 
expert set over 2. 
(b): (Hn, 2)° = {(q,Hn(q)) : ¢ € X x E x {0} C Q} is named to be a disagree n-ary fuzzy 
hypersoft expert set over 2. 


From the definition, it is clear that (Hn, 9)! U (Hn, Q)° = (Hn, Q). 


Example 5.4. We consider the ternary fuzzy hypersoft expert set (H3, 2) € Cen; (2,8) given in 
Example 5.2. Then, the agree ternary fuzzy hypersoft expert set (H3,2)! and the disagree ternary 
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fuzzy hypersoft expert set (H3,2)° are respectively 


(((wt, 23, 29),€1,1), {09a}, 09) a}, 09) ab}, {0-9 a2,05) af}, {Nai 09) af (02) a8})), 
(((wt, 23, 29), €0,1), {07a}, 049 a}, 0-7 ab}, {0% a2, 05) af}, {0-09.04 af, (0-0 a¥})), 
(fig,.9)! = (((x}, 2}, x9), €3,1), {OP az, 0% a},0% af}, {O-%a7,07 ad}, {O%a3,0% a 308 a3})), 
(Cah, 29,29).e1,1), ({ Pah 02 a 04 a, {09439 a8}, {0% a9 4 af. 28)), 
( (24, 29,28).e2, 1), ({a} 2) ab 09) ah}, {4098.04 a2}, {0548.02 af, (08) gh), 
(((et, 23,28), 0551), {Pa} 09 03,9 ad}, (090309 a3}, {OAH 0 af, 09 af})) 
and 
(((x}, 22, 29), €1,0), {09a}, 02) af, 05) ab}, {0 42,02) aB}, {0 a9,02) af, af})), 
(((x1, x?, x3), e2,0), (fOr h 08) as, 0.3 ad}, f (OS) gets) aoa 0.4) 3 0.5 an Ot Goh), 
(7ls,.9)° = (((x}, 2}, 29), €3,0), {OP ag, 07 a},07 af}, {007,07 ad}, {Maj O-4 a3,0% a3})), 
(((wt, 23, 28),€1,0), {Pah 9) a}, 05) ab}, {OM a2, 04 af}, {009,05 a8, a¥})), 
(((2}, 27, #3), €2,0), {OM az, 49,09) ag}, {0% a7, a3}, {Maj © a}, a3})), 
(((at, 29,08), €5,0), {0a} (09 a}, ab}, (0% 09,0 af}, {09,0 af a3})) 


Definition 5.5. Let (Hn, Q) € Caw, (A, P). 

(a): If H,((x!,e,0)) = (0,0, ...,0) (i.e., H n(j) (x", e, 0)) = vje J) for each (x!,e,0) € Q then 
it is termed a relative null n-ary fuzzy hypersoft expert set (with respect to Q), denoted by 
QENn If Q = $ then it is called a null n-ary fuzzy hypersoft expert set and denoted by ae 

(b): If Hi ((x!,e,1)) = (0,0, sO) (ie., Hh y(t j= 0 Vie J) for each (x!,e,1) € 9 then 
it is termed = Pe a relative null agree n-ary fuzzy hypersoft expert set (with respect to Q), 
denoted by oe . If Q = ¥ then it is called a null agree n-ary fuzzy hypersoft expert set and 
denoted by if. ; 

(c): If H9((xt,e,0)) = G,0,...,0) (ie., Hy ((xt,e,0)) =0 Vj € J) for each (xt,e,0) € O then 
it is named to es a relative null disagree n-ary fuzzy hypersoft expert set (with respect to 9), 
denoted by 05” "Of = ae then it is termed to be a null disagree n-ary fuzzy hypersoft expert 
set and denoted by oy 

(d): If Hn((x!,e,0)) = (Aj, Ag, ..., An) (ie, H n(z)((x", €, 0)) = A; Vj € J) for each (x!,e,0) EQ 
then it is termed to be a relative whole n-ary fuzzy hypersoft expert set (with respect to Q), 
denoted by ARS ". If Q = $% then it is called an absolute n-ary fuzzy hypersoft expert set and 
denoted by AN me 

(e): If HL ((x1, e,1)) = (Ar, Ad, ..., An) (Le., Hh» (xl, e,1)) = Ay Vi € J) for each (x!,e,1) €0 
then it is called ie relative whole agree n-ary fuzzy hypersoft expert set (with respect to Q), 
denoted by AR Ne, If Q = $ then it is called an absolute agree n-ary fuzzy hypersoft expert set 
and denoted by At 

(f): If H2((x!,e,0)) = (Aj, Aa, ..., An) (ie. » HE (xt, e, 0) = A; Vj € J) for each (x!,e,0) € Q 


then it is named a relative whole disagree n-ary fuzzy hypersoft expert set (with respect to Q), 
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~ 0) 
denoted by Ane If Q = §$% then it is called an absolute disagree n-ary fuzzy hypersoft expert 
~ 0) 
set and denoted by An” 


Example 5.6. The following ternary fuzzy hypersoft expert sets are given as examples of relative null 
disagree ternary fuzzy hypersoft expert set (with respect to Q) and relative whole agree ternary fuzzy 


hypersoft expert set (with respect to Q) over 2. 


(((w}, 27, v2), e1, 0), ({! a ag, 3 a3},{ : ai, as}, {Ma?,© a3,) as is 
(((x}, 23, 27), €2,0), ({az,© a3, a3}, {Oa7, a5}, {Maz a3, a3})), 
Ns = (527,27) e3,0), qe ar, a9; . a3},{ 4 ai, a5}, {Maz,© a3,() as )), 
(((x}, 27, 23), €1,0), ({az,© a}, ag}, (az, a5}, (Maz, a3, a8})), 
(((w7, 27, #3), €2,0), {az a9, a3}, {@a7z,© a3}, {a}, a3, a3})), 
(((xj, x7, #3), 3,0), ({@ ay, Pe a9; : a3}, { ai, a3}, {a3,0 a3, a3})) 
and 
(((et, 27, #2), e1,1), {Maz a3, ag}, {a7,% a5}, {Mad a3, 08})), 
(((et, 23,22), €2, 1), (Maz, a3, ag}, {Pa7,% a5}, {Ma?, a3, 08})), 
AENs = (((a1, 27,77), e3, 1), ({ aj, a,(1) az}, {Maz a5 {%a8, ' a3, ; a3})), 
(((et, 27, 28), e1, 1), {Maz a3, a3}, {Ma a3}, (Maz, a8, a8})), 
(((w}, 7, 23), €2, 1), ({Maz, a9, ag}, {Maz a5}, {Mai a3, a3})), 
(((wt, 2}, 23), e3, 1), {Maq, a3, ag}, {Maz,™ a3}, (Ma, a3, a3})) 


Definition 5.7. Let (Hn, 2), (Kn,¥) € Cen, (A, P). 


(a): (Hn, Q) is called an n-ary fuzzy hypersoft expert subset of (Kn, KR), denoted by (Hn, Q) Cen, 
(Kn, 9t), if Q CR and 


Hn(j)((x", e, 0)) Cr Kncj)((x", e, 0)) Wied (24) 


for each (x!,e,0) € Q. 
(b): The n-ary fuzzy hypersoft expert sets (Hn, 2) and (Kn, 9) are called equal, denoted by 
(Hn, Q) =eN, (Kn, 9), if (Hn, 2) Cen, (Kn) and (Kn, 9) Cen, (Hn, Q). 


Example 5.8. Consider (H3,9) in Example 5.2 and the (H3,9)! and (H3,9)° Example 5.4. It is 
clear that (H3,Q)! and (H3,2)° are ternary fuzzy hypersoft expert subsets of (H3, 2). Furthermore, 
ENS is ternary fuzzy hypersoft expert subset of (Hg, 2). 


Definition 5.9. Let (Hn, 2) € Cpn, (2,98). Then, the relative complement of n-ary fuzzy hypersoft 
expert set (Hn, Q), denoted by (Hn, Q)"ENn , is defined as 


(Hn, Q)"P%" = (H7,0), (25) 


where Hr Gy (xt, e,0)) is the fuzzy complement of Hr) (x1, e,0)) (Vj € J) for each (x!,e,0) € Q. 
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Example 5.10. Consider the ternary fuzzy hypersoft expert set (H3,Q) in Example 5.2. Then, the 
relative complement of ternary fuzzy hypersoft expert set (H3,Q) is 


( x 02,23), e1, 1), {Os ane an lot anh f 0.6) q? (0.5) a3}, ftO9 G08 ae 8) a3})), 
( r pet a?) eo. 1), (Os ay 8 ay,Oe ay 0.7) q?2 (0.4) ast. (take ge ae) a3})), 
( z , 22, £3), €3, 1), Ce GA et ie OF Coy 0.3) q2 (0.8) a3}, a as Oe G09) ae})); 
(x ,v2,23),e1,1), ({003 at 08 ah,(0-6 ab}, { 0.7) 2. (0.4) az}, {0-7 a3,(0-6 a3, a3})), 
(((wh, 28,23), €2, 1), {Pa}, af, a}, {0 a7, 09 a3}, {0a}, 0% af, 0 a8})), 
(ig, O)"=%s _ ( r peewee) 2351), Cee an Or" es ae 0.5) q2 (0.7) eae Goss ag Ot a3})), 
(x , v2, 23), 1,0), ({-% at,(08 ah, (05 ab}, { 0.4) 2 (0.8) a}, {0-9 a3,(08 a8, (0-7 a3})), 
( x , x7, £3), €2,0), (fe a4 noe as}, { 0.7) 2 (0.7) any Aes G2 A0® ane? as\)): 
(((eh, 23, 2§),€5,0), ({0%aH,09 ah, 09) ad}, (0 a2, 08 a3}, {af af, a})), 
(x , 02, 08), e1,0), ({09 at, (0-4 ah, (05 ab}, { 0.3) 2 (0.6) ad}, {08 a3, (05 a8, (0-9 a3})), 
( x , 27, 23), €2,0), ({O%ql 1 OP ane ones 0.8) q?2 (1) aah, {ge Om) @.s09) a3})), 
(x , v2, 23), €3,0), ({8 al (oA ah, 0-5 ab}, { 0.3) 2. (0.3) az}, {03 a3, 0-8 a3,03 a3})) 


Proposition 5.11. Let (Hn, 2) € €pn, (2,8). Then, we have the following. 
(i): (Hn, 2)"28")"ENe en, (Hn, 2). 
(ii): (ARN*)=2” =p, (08). 
(iii): (OE )"2% =py, (AEN). 


Proof. The proofs are straightforward. 


Definition 5.12. Let (Hn, Q), (Kn, 9%) € Cen, (A,B). Then, the restricted intersection of n-ary fuzzy 
hypersoft expert sets (Hn, Q) and (Ky, %) is denoted and defined by (Ln, 6) = (Hn, 2) Men, (Kn 9) 
where G6 = OM and 


Lng) ((x", €,0)) = Hyg ((X", €, 0) Np Knygy ((,€,0)) VI ET (26) 
for each (x!,e,0) € G. 


Definition 5.13. Let (Hn, Q), (Kn, R) € Cen, (A,B). Then, the extended intersection of n-ary fuzzy 

hypersoft expert sets (Hn, 9) and (Kp, 9t) is denoted and defined by (Ln, 6) = (Hn, 2) New, (Kn. 9) 

where G6 = QU and 

Hn((x!,e,0)), if (x!e,0) 69, 

Ln((x!, e,0)) = Kn((xte, o)), if (xl,e,0) ER, (27) 
( )) Np Kn ((x!,e,0)), if (x!,e,0) EQNK, 


aw) 
3 
* 
a 
& 
jo) 


for each (x!,e,0) € G, where Eq. (26) is applied to obtain H,((x!, e, 0)) Np Kn(x!). 


Example 5.14. Consider the ternary fuzzy hypersoft expert set (H3,Q) in Example 5.2. Also, we 
suppose that 


RR (((xi, 27, 73), €1, 1), (((xt, v7, £3), es, 1), (((et, 27, £3), €1, 1), (((z], ef, £3), €2, 1), c Xcex O, 


(Cie x3), 150); (((x4, a3), €3, 0), (Cet, 27,23), €1, 0), (((x}, 23, 23), €2, 0) 
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and 
(((eh, 3,78), €1, 1), {OP af a)07 af}, (0947.09 a3}, {009,04 af, a})), 
gl ae? 3 e2.1 0.2 at 0.6 ad (0.3) ab 0.4) q2 (0.2) ,2 (0) 43 0.4) a3 (0.7) ad 
((( low 3), 3) ee ’ 2? 3h a) a5}, { ’ 2? 3t)), 
(((at, #7, 23), 1,1), {0% ap, 04 3,04 af}, {07,0 af}, {0% a3,0?) a3,07) a3})), 
Kym) = 4 (1 eh 2), €2,1), COM af, 09 03,0) af}, a}, 09 af}, {Oa}, a3,0 af})), 
(((#}, 7,79), €1,0), {OP af 0% af,09 ah}, {OP aF,04 a3}, {CP a}O0 a3, a3})), 
(((x}, 7,279), €3,0), {OP af, 0% a3,09 ah}, {a7 0 a3}, {Pa},0 a3, a3})), 
(et ee 8) er OO GAO ah, ab} (0a? 0) a2). f AGF) a 0On3))), 
(((2t, ef, 73), €2,0), ({%a},09) 03,0 af}, {© a7,0) a3}, {O7)a3, 0 3,0) a3})) 


Then, the restricted intersection and extended intersection of ternary fuzzy hypersoft expert sets (Hs, Q) 


and (K3, 9%) are respectively 


(H3, 2) MEN (K3, ¥) 
(((wt, ef, 73), €1,1), {Pat 0? 09,09 ag}, {OF 07,09 af}, {0% a3, 0% 3,0” a8})), 
_ J (ep, ef, 28), €2, 1), {OP az, OP a},0%) af}, {az,O% a3}, {Oa}, a3, a3})), 
(((wt, 27, 23), €1,0), ({OPat,© 3,04 af}, {O49 07,04 a5}, {O%)az,@) a3, a8})), 
(((w}, #2, 28), e2, 0), ({O Pa}, C9) 05,0 a3}, {0% a7, a3}, {0 %)aF,0- a8, a8})) 


and 


(((e}, 2,22), €1,1), {Pa}, 08 af, 09) ab}, (0% a9, 05) af}, {Va} 09 af,(02) 033), 
(((e}, 2, 22), €0,1), {Pa}, 04 af, ab}, {0 G9, af}, {Va} 4 a§,00 a8})), 
(((e}, 2%, a), €5,1), {a}, 09) a, ab}, {OD Gf, 0) af}, {Va}, 09 a.) a3})), 
(((e}, 24,23), €1,1), {Pa}, a}, af}, {003,00 ab}, {9 a9, af, a8})), 
(((r}, 2, 23), €8,1), {Ma}, 09) af, ab}, {9 a7,0) a3}, {a}, 0 af a3})), 
(((a}, 23,03), €1,1), {0a}, a, ab}, {a}, 0% a8}, {0% 49,0) af, a3})), 
(((e}, 28,28), €0,1), {Va}, 0% af, ab}, {a 04 af}, {0 a7,0) af) a8})), 
_ | (eh 29,28), €5,1), {O%a}, 09 a, 03}, {©Va9, 0) af}, {9a} 0 af, 083), 
(((e}, 2}, a), €1,0), {a}, 02) af, ab}, {0 a9,0) af}, {Va}, af, a3})), 
(((e}, 24, 22), €0,0), {Da}, 09) af,©9) ab}, {9 a9,09) a3}, {Va} 09) af,(00 a3})), 
(((r}, 2%, 22), €3,0), {Oa}, 07 a, ab}, {9 a3,02) a3}, {a}, 04 af, a8})), 
(((e}, 23,23), €1,0), {Pa}, 09 af, ah}, {0% G7, 04 af}, {a}, 0 af,(00 a3})), 
(((r}, 2}, 23), €5,0), {Pa}, 07) af, ab}, {(MaZ 0% a3}, {04 ce 
(((x}, 2%, 28), €1,0),({°DaH, a}, aby {043,04 ab}, {(% af,05) af 0) a8})), 
(eh 2.29), 0), {OD ah 09 a,02) af}, 2,3}, {02% a9 a8} 
(eh 2,29), 2,0), (0% ah 09 a, af}, {MUG 07 a}, (M49, 02) «3,07 8) 
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Definition 5.15. Let (Hn, Q),(Kn,8) € Cen, (A,Y%). Then, the restricted union of n-ary fuzzy 
hypersoft expert sets (Hn, Q) and (Ky, %) is denoted and defined by (Ln, 6) = (Hn, 2) Ven, (Kn 9) 
where G6 = QM and 


Lr(3)((x", e, 0)) = Hj) (xt, €, 0) Us Knijy((xt,e,0)) Vi EJ (28) 


for each (x!,e,0) € G. 


Definition 5.16. Let (Hn, 2), (Kn, 9%) € Cen, (A,B). Then, the extended union of n-ary fuzzy hyper- 
soft expert sets (Hn, 2) and (Kn,®) is denoted and defined by (Ln, 6) = (Hn, 2) Uen, (Kn,9) where 
G = QU and 


Ln((x!, e,0)) = Kn((x!,e,0)), if (x!,e,0) ER, (29) 


for each (x!,e,0) € G, where Eq. (28) is applied to obtain H,((x!, e, 0)) Uf Kn(x!). 


Example 5.17. We consider the ternary fuzzy hypersoft expert sets (H3,Q) and (K3,) in Examples 
5.2 and 5.14, respectively. Then, the restricted union and extended union of ternary fuzzy hypersoft 


expert sets (H3,Q) and (K3,%) are respectively 


(H3,2) Van, (K3, 9) 
(Cahai 2) erp De OM at 4) ob 04 a}, {Pa Ola) (Os) ad Oya Oar ))), 
2 (eh 228), €3, Df at, 0) od, 0 abt (Oa? 04) a2}, (00902) 08, 07) a8 b)), 
Cer eye) eis 0), EO rae ah 7) ght Ogee) as) Oe) gt M0) ge Oe) gat). 
CC ehet @8),2530), (1 Pat igs 0) ah) tO las M08) gat ge 0) as (Oe Gat) 


and 
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(Hs, Q) LIENS (Ks, MR) 


(((2h, 23,28), €1, 1), {Oa}, 09) 05,09) ah}, (0% a7, 09 aB}, (OVa}, 09 3,0 a3})), 
(((ar}, 22, 23), €2,1), {Oa}, 0-4 af, 07 ad}, {094209 af}, (0-43, 0-4 a3, af})), 
(ah, 22, 9), €3, 1), {0Mat, 09) af, ah}, {O-VaZ, 02) a3}, {003,09 af, a8})), 
(((a}, 7, 3), e1, 1), ({0-4 at, age) a3}, {099200 a3}, { oe 4) a3, (0 ») a3})), 
(((aeh, 29, 28), €3, 1), ({0%aH,09 af,09) ad}, {0-9 a2,0) ab}, (a3, 0-4 08,07 a3})), 
(((ah, 23,28), €1, 1), {OP af, 0 af, 09 ah}, (003,09) 03}, (090,09 af, a8})), 
(eh #828), e2, 0, Cah 00 oh, a3}. {0908 09 af {OPAL OY ah,O° a8) 
J (#528), €3,1), {LOMA} 09 a0 a} {09 09,09 a3}, {0a}, 0) af, 09 aB})), 
(a, 29,23) 1,0), {48,02 aH, gh}, (M92 02) a8}, {0043.02 4 (02) gl})), 
(ah, #2, 9), €2,0), {0 Pat, 09) af,09) ah}, {Oa}, 09) a3}, {003,05 af, a8})), 
(((e}, 23, ©}), €5,0), {Pa}, af, ah}, {Oa}, a3}, (at 9 9g 9 a3})). 
(((ef, 29, 29), €1,0), {Map 0 03,09) ah}, (07a7,04 a3}, {a}, 03,0) a3})), 
(((at, 2}, 28), €3,0), {07 af, 0 af, a3}, {03,0 ab}, {00,0 af, a8})), 
(((x}, 23,29), €1,0), {0% a},0 ah,09) a}, {0a} 04 a3}, {©%af, 09 af.) a8})), 
(((wt, xf, #3), e2, 0), ({0? an ay, m9) ax}, { cs ay, os a3}, fae Hoe) a) a3})), 
(((a}, 23,28), €3,0), ({0P af 0% a3, a3}, {0% ai,0 a3}, {0 a¥, af, a3})) 


Proposition 5.18. Let (Hn, 2), (Kn,¥), (Ln, S) € €Cpn,, (2,58). Then, the following properties are 
satisfied. 
(i): (Hn, 2) (Kn, 9) =en, (Kn, 9%) > (Hn, Q) for each o € {Men,,Uen, }- 
(ii): (Hn, Q)o((Kn,%) © (Ln, S)) =en, ((Hn, 2) (Kn, 8)) > (Ln) for each o € {Men,,VEn, }- 
(iii): (Hn, Q) © ((Hn, ®) 0 (Ln, 6)) =en, (Hn, 2) > (Kn 8)) 0 (Hn, Q) 0 (Ln, S)) for each 0,0 € 
{MeN, YEN, }- 
(iv): ((Hn, 2) (Kn, 8))"2% =pn,, (Hn, Q)"2% 0 (Kn, R)"2%n for each o,0 € {Men,,Uen,} and 
oo. 


Proof. The proofs are straightforward. 


Proposition 5.19. Let (Hn, 2), (Kn,®), (Ln, S) € Cen, (2,58). Then, the following properties are 
satisfied. 
(i): (Hn, 2) (Kn, 9) =pn, (Kn, 9) > (Hn, Q) for each o € {Mgn,,,Uen, }- 
(ii): (Hn, 2) > ((Kn, 9) > (Lns S)) =e, (Hn, 2) (Kn, ®))° (Ln, 8) for each o € {Ngn,,Upn, }- 
(iii): (Hn, Q) 0 ((Hn, 9) o (Ln, S)) =e, (Hn, Q) > (Kn, 9) © ((Hn, 2) > (Ln, G)) for each o,0 € 
{Nen,; UE, }- 
(iv): ((Hn, 2) (Kn, R))"2% =pn, (Hn, Q)"2%" 0 (Kn, R)"=X for each o,0 € {Men,,Uen, } and 
oo. 
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Proof. The proofs are straightforward. 


6. An Application of n-ary Fuzzy Hypersoft Expert Sets 


In this section, we present a possible application of n-ary fuzzy hypersoft expert set theory in real-life 


problem. 


We construct the following algorithm to determine the optimal choice in each universal set in the 


n-ary fuzzy hypersoft expert set setting. 


Algorithm 1. 


(1) Input the n-ary fuzzy hypersoft expert set. 
(2) Construct (in the tabular form) the agree n-ary fuzzy hypersoft expert set and the disagree 
n-ary fuzzy hypersoft expert set. 


For the agree n-ary fuzzy hypersoft expert set, calculate cl = y(a.); for each j € J. 
i 
For the disagree n-ary fuzzy hypersoft expert set, calculate d?,. = (ah) for each j € J. 
i 


(3 
(4 
(5 
(6 


Compute score value s} = d. — d} for each j € J. 


WS >We Wa Ha 


Find y; for each 7 € J which s,, = max sh for each 7 € J, and then determine the optimal 


choice a, in each universal set Aj. 


In the tables of agree n-ary fuzzy hypersoft expert set and disagree n-ary fuzzy hypersoft expert set, 


(a).); corresponds the fuzzy value in the /-th row for a 


Now, we ready to give an application of n-ary fuzzy hypersoft expert set theory in handling real-life 


problem. 


Example 6.1. Suppose that an association wants to determine the best films of the year in the fields 
of drama, comedy and documentary and to award these films at an award ceremony to be organized by 
the association. The sets of nominated films of drama, comedy and documentary are A, = {af, a, a5}; 
Ay = {aj,a3} and A3 = {a},a3,a3}, respectively. Also, the association hires the jury members (ex- 
perts) to determine the best of the films in each category. Assume that € = {e1,e2} is a set of jury. 
The jury should analyze the characteristics or attributes of these films. Therefore, they consider the 
disjoint parameter sets X,, X2 and X3 based on the story, message and narration of film, respectively. 
These sets are X; = {x} = originality, x} = fiction}, Xq = {x? = ease of perception, x3 = essence}, 
and X3 = {x} = narrative style, 23 = audiovisual quality}, and thereby X = X, x X2 x X3. Fol- 
lowing the serious discussion, the jury constructs the following ternary fuzzy hypersoft expert set for 


PH=XXKEXO. 
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a ee a ee OO 
LO LESS NS LS LES = COR LN LO LR LE LOS TN BOS LS BO NS NN ES eS OS FS SS ES ES 
Mm DAD D DD Oe SND DDD DD DDO TD TD tT Dt a a DT a a TO a 
O09 O00 MOD CD00 OOD MOOD RAY OOD ODO ODO ODO CD00 ODOD MOOD MOOD HAY MOOD MOOD ODED ODED ODOD ODOD MOOD MOOD MOOD RAY MOOD ODOD MOD MOD MOD 
3s 8S 8S 8 SF SFwm a 3S 8 8 8 8 8s Fs. Fawn 8S 8S 8S 8S FFs Fs Fs Swen 8 8 8 Bs Bs 
aavaragra Ss wear es ea eee a Sears sra ae sa SaeRT aS 
(=) j=) (=) j=) ©. j=) wD i=) j=) (=) (=) j=) (=) (=) (=) wD ©. Oo i=) (20) i=) (=) (=) (=) oO co jo) (=) Oo ©. =) 
SS Se iS Ber ee ee ee ee ee ee 
MN MN MN MN MN MN“. “, MAN MN MA MAN MN MN MN MN “MN MN MN MN MN MN MN MN MN“, MN MN MN MON MON 
Ss 8S FS FSF SF GFmawman 8 8 Ss FS Fs F Swan 8 8S 8B FS ss FSF F Fwman 8S FS B Bs Bs 
Bae Gan ee Rd pe ghee RS ge ane We Oe gee ee RR ee ee ee eee ER ES SE eee ee UE ES eS 
fe rrag SF Sse eeeceRe ese PPT eseeceeeoe SFTSSEER 

zs ss e = es ao iS - ey = = = < eS eS a FS ie ee - eS = = er ol ze e es me im 
Mon MH MH MO Oat oD en ahs oD ine) ine) ine) On Mn MM MM, MT MY ine) ine) ine) ine) ine) ine) Sir Mn Mn MH Mn + 

3s 8S 8 8 BF Foran * S°S Ss SS SS 8S ws 


’ 
a 
a 
a 
maae) 
a 
a 
a 
a 


NNN Ne Ne NS SSNS 


BERD oa eres eee yee fuses =, fee Wn Ae) eee 4 fee, a emer oS) eee te Ne, emcee eee ane Lames afeet ere, ae Mele Dye, eee eee eet eee rey een ea Nore a gee 


Ve TVW TVS TS TPS TS PSP TS PP SPOOULULUlUWLOlULUlUWLUL SSS SS lS lS SS lS eS SS eS SS eS SS OPS SS eS SS eS SS eS SS eS SS SS SSS Ll] 


feet, Be NR A ee pee ye Se. ee ee ea ees SE en ee ee wee ee Ue! ee Be SS a A ee oe ea Se 


RS ee gw ae PRS RS SES Se SS NS NE OR NS RE Ne Ne Re Re Bs aw Se? Ne 


a te ee ee i ie et ea es ie ee ee re ee et ee ee 
FPR YF YY PF YF A we PRE RR we Y Ca RRA KD eC kK YT Re Y A & 
Ox Oo... KO: OF -Or FOr, 20.4 S04. Oe, (Or 3S: NOs Oe (OO: OS, Oe Oe Or iO. «OS OO 6 Oe, Ors, 1s AO Os, Ge, “OO: Os  FOs 6 
VS TST TS YS YS YS YP YP YP POPU SOlUlUwrClCUwSPClUwSClUDWClULULUWLSC CUCU SUSU SUC SS lS cS 
RHR RH OH i Wooo woo wooo oC Ooo 
ae a a a a a a a ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee 
are We ae a Te TA TA TT TT OT tl Tl TC OcUcmCmUCcCOcmUCUCcCcCOcCUC COC COCOCOcUCcCOCcUCcCOCOmcCUCOcUCcOcUCcOUCcCOUcOUcOUcCOlhLCO 
Se 
oo ov 0d. © Vw Vw YW Vw YW YW Dw Vw YY DW YW YW Vw Bw Vv Db Vw YW YW Vw Vw YW Vw Vw YW Vw Vw YD 


The steps of Algorithm 1 may be followed by the association to determine the best of the films in each 


category. 


In Tables 1 and 2, we give the agree ternary fuzzy hypersoft expert set and the disagree ternary 


fuzzy hypersoft expert set, respectively. 
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TABLE 1. Agree ternary fuzzy hypersoft expert set 


at as as a? aa a? a3 a3 
((xt, v7, x3), e1, 1) 0.4 0.3 0.2 0.1 0.7 0.3 0.4 0.1 
((xt, x7, v3), e2,1 0.4 0.6 0.4 0.3 0.2 0.6 0.8 0.1 
((at,a?,03),e1,1 0.7 0.5 0.3 0.4 0.2 0.2 0.1 0.4 
((xt, x7, x3), e2, 1) 0.4 0.4 0.2 0.2 0.5 0.3 0.1 0.2 
((xt, #3, v3), e1,1 0.4 0.2 0.2 0.6 0.4 0.3 0.2 0.1 
((xt, 23,03), e2,1 0.4 0.2 0.3 0.2 0.5 0.1 0.4 0.1 
((xt, 3, x3), e1, 1) 0.1 0.6 0.5 0.5 0 0.1 0.3 0.5 
((xt, £3, 73), e2,1 0.4 0.7 0.6 0.8 0.7 0 0.6 1 
((x3, 27, 73), e1, 1) 0.4 0.4 0.2 0.3 0.6 0.8 0.4 0.4 
((x3, x7, v3), e2,1 0.2 0.5 0.3 0.2 0.1 0.1 0.5 0.3 
((a3, 27,23), e1,1 0.5 0.6 0.3 0.4 0.5 0.4 0.6 0.2 
((x3, 7, 73), e2, 1) 0.3 0.6 0.3 0.3 0.5 0.1 0.6 0.2 
((x3, £3, 03), e1,1 0.1 0.6 0.3 0.4 0.4 0.1 0.6 0.2 
((a}, 22,23), e2,1 0.7 0.7 0.3 0.2 0.5 0.1 0.6 0.2 
((x3, 3, 73), e1, 1) 0.7 0.3 0.3 0.4 0.3 0.1 0.8 0.7 
((x3, £3, 23), e2,1 0.7 0.1 0.3 0.4 0.5 0.1 0.6 0.2 


TABLE 2. Disagree ternary fuzzy hypersoft expert set 


at as as ar az a? as a3 
((at, v7, x?), e1, 0) 0.5 0.5 0.3 0.4 1 0.2 0.6 0.5 
((at, v2, 9), 2,0 0.4 0.6 0.4 0.4 0.4 0.1 0.4 0.4 
((at, a2, 73), e1,0 0.6 0.8 0.3 0.4 0.5 0.1 0.6 0.2 
((xt, v7, #3), e2, 0) 0.9 0.5 0.3 0.4 0.5 0.1 0.6 0.2 
((ct, 23, x9), e1,0 0.3 0.3 0.3 0.4 0.5 0.1 0.6 0.4 
((at, v3, x3), e2,0 0.3 0.4 0.3 0.4 0.6 0.1 0.6 0.4 
((xi, #3, 23), e1, 0) 0.2 0.2 0.3 0.4 0.2 0.1 0.6 0.2 
((ct, v3, 73), e2,0 0.2 0.2 0.4 0.4 0.5 0.1 0.6 0.3 
((a3, 27, 02), 1, 0) 0.6 0.6 0.3 0.5 0.5 0.1 0.6 0.4 
((c3, v7, v9), e2, 0 0.8 0.6 0.3 0.4 0.2 0.1 0.6 0.2 
((a}, v2, 73), e1,0 0.4 0.5 0.3 0.4 1 0.1 0.6 0.1 
((ad, v7, x3), e2, 0) 0.3 0.4 0.3 0.5 0.5 0.1 0.4 0.2 
((x3, £3, 23), e1,0 0.5 0.5 0.3 0.4 0.6 0.1 0.6 0.3 
((c3, v3, x3), e2,0 0.4 0.5 0.2 0.4 0.4 0.5 0.6 0.4 
((x3, «3, 73), e1, 0) 0.2 0.5 0.3 0.8 0.3 0.1 0.7 0.3 
((x3, £3, 23), €2,0 0.3 0.7 0.3 0.2 0.6 0.3 0.7 0.1 


From Tables 1 and Table 2, we have the score values in Table 3. 
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TABLE 3. Score values si} 


l 
sh=c-di st=-0.1 s§=-05 s3=01 s?=-1ll s3=-17 sf=14 s8=-18 s3=05 
Since max Bs, = st and max a, = s? and max a = s} from Table 3, the best films of the year in 


the fields of drama, comedy and documentary are determined as s4, s?7 and s}, respectively. 


7. Conclusions 


In this chapter, the concepts of n-ary fuzzy hypersoft set, fuzzy hypersoft expert set and n-ary fuzzy 
hypersoft expert set, which are effective mathematical models for dealing with many kinds of uncer- 
tainties in the real world, were introduced. Also, the basic operations such as complement, intersection 
and union of these emerged types of fuzzy hypersoft sets were defined and some of their remarkable 
properties were discussed. An application was given to illustrate how the n-ary fuzzy hypersoft expert 
set sets can be useful in solving a problem in real-life. The topics of future research may be develop- 
ing the n-ary fuzzy hypersoft sets, fuzzy hypersoft expert sets and n-ary fuzzy hypersoft expert sets 
in theoretical aspects such as describing new operations and characteristic properties in more general 
frameworks, and also investigating their practical applications in decision making, medical diagnosis 


and game theory. 
Funding: This research received no external funding. 
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